We generalize to the super context, the known fact that if an affine algebraic group G over a commutative ring k acts freely on an affine scheme X over k, then the dur sheaf X/G of G-orbits is an affine scheme in the following two cases: (I) G is finite; (II) k is a field of characteristic zero, and G is linearly reductive. An emphasize is put on the more difficult generalization in the second case; the replaced assumption then is that an affine algebraic super-group G over an arbitrary field has an integral. Those super-groups which satisfy the assumption are characterized, and are seen to form a large class if char k = 0. Hopf-algebraic techniques including bosonization are applied to prove the results.
Introduction
As a recent progress in super-geometry one may refer to a series of results on algebraic super-groups obtained by using Hopf-algebraic techniques; see [7] - [16] , [21] , [22] and [24] . This paper is written so as to hopefully contribute to the progress.
1.1. Background and our aim. To discuss (group) schemes and their super analogues, we adapt the functorial point of view just as Demazure and Gabriel [2] , and Jantzen [5] do. Throughout, we work over a non-zero commutative ring k. Suppose that an affine algebraic group (scheme) G (over k) acts freely on an affine scheme X from the right. Then one has the dur sheaf X/G of G-orbits. The following is known: Theorem 1.1. X/G is an affine scheme, if (i) G is finite, or (ii) k is a field of characteristic zero, and G is linearly reductive.
The result in Case (i) is widely known as Grothendieck's Theorem. The result in Case (ii) was essentially proved by Mumford; see [17, Theorem 1.1] .
Our aim of the paper is to generalize the known result above to the super context. The above-cited [17, Theorem 1.1] does not assume that the action by G on X is free. But the assumption, moreover, makes X → X/G into a G-torsor, in which situation we are interested for further study; see Remark 2.6.
Basics on super-symmetry.
A super-module V over k is a synonym of a kmodule graded by the order-2 group Z 2 = {0, 1}, and is thus the direct sum V = V 0 ⊕ V 1 of its even component V 0 and odd component V 1 ; it is called a super-vector space if k is a field. It is said to be purely even if V = V 0 . Saying an element v ∈ V, we often suppose, without explicit citation, that it is homogeneous, or namely, 1 0 v ∈ V 0 ∪ V 1 , and denote its degree by |v|. The super-modules naturally form a tensor category, which we denote by SMod k . The morphisms are required to preserve the degree. The tensor product is the obvious one ⊗ k taken over k, and it will be denoted by ⊗, simply. This tensor category is symmetric with respect to the so-called super-symmetry
A (Hopf) algebra object in SMod k is called a (Hopf ) super-algebra. A purely even (Hopf) super-algebra is the same as an ordinary (Hopf) algebra. Unless otherwise stated, (Hopf) super-algebras R will be assumed to be super-commutative. The assumption is precisely: (1) the subalgebra R 0 of R is central, and (2) x 2 = 0 for all x ∈ R 1 . If 2 : R → R, y → 2y is injective (e.g., if k is a field of characteristic 2), then (1) and (2) are equivalent to that the product map m : R ⊗ R → R satisfies m • c R,R = m. If 2 = 0 in R (e.g., if k is a field of characteristic 2), then they are equivalent to that R is commutative (in the usual sense), and x 2 = 0 for all x ∈ R 1 .
1.3. The main result. We let SAlg k denote the category of super-algebras over k; it is closed under the tensor product ⊗, which presents the direct sum. Recall that the functorial point of view defines affine (group) schemes or dur sheaves to be functors which are defined on the category Alg k of commutative algebras, and satisfy certain conditions. We can define super-analogues of these notions, by extending Alg k to SAlg k ; see Sections 2.2-2.3 for details. Our main results are summarized as follows. Theorem 1.2. Suppose that an affine algebraic super-group G acts freely on an affine super-scheme X. Then the dur sheaf X/G of G-orbits is constructed. This X/G is an affine super-scheme, if (I) (Theorem 2.8) G is finite, or (II) (Theorem 3.17) k is a field, and G has an integral.
The result in Case (I) was obtained by Zubkov [29] , who assumes that k is a field. The result in Case (II) as well generalizes his result, since every finite super-group over a field is seen to have an integral.
We remark that as a special case of X/G as above, the quotient G/H of an affine algebraic super-group G by a closed super-subgroup H is discussed in [8] , [28] , [15] and [14] .
1.4. Our method. Our method of proving the result in both cases is Hopf-algebraic, using the bosonization technique developed in [15] . Let G and X be as in the last theorem. These correspond to a Hopf super-algebra A and a super-algebra B, respectively. An action X × G → X corresponds to a co-action B → B ⊗ A; this last is a super-algebra map, and hence it involves the somewhat complicated super-symmetry. By Radford's bozonization construction [19] , there arises a co-actionB →B ⊗Â by an ordinary Hopf algebraÂ on an ordinary algebraB; this does not involves the super-symmetry any more, butÂ andB are non-commutative in general. The bozonization technique mentioned above shows how to deduce results from the "bozonized", ordinary situation to the super situation. Indeed, we have a plenty of results on non-commutative Hopf algebras which deserve the technique to be applied. What we need here is results in Hopf-Galois Theory, which is a non-commutative generalization of theory of affine-group actions on affine schemes; the first successful result in the Hopf-Galois Theory was probably the Kreimer-Takeuchi Theorem [6] , which is a non-commutative generalization of Grothendieck's Theorem mentioned above. In fact, our result above in Case (I) follows easily by applying the bosonization technique to the Kreimer-Takeuchi Theorem. Therefore, our emphasize is put on Case (II), as will be seen in view of the title of this paper.
1.5. The core of the paper. Suppose that k is a field. To generalize the result of Theorem 1.1 in Case (ii), one should know (see Remark 3.6) that those linearly reductive affine super-groups which are not ordinary affine groups are rather restricted, as was shown by Weissauer [27] . We choose the larger class, as in (II) above, which consists of all affine algebraic super-groups G with integral (see Section 3.1 for definition), to obtain the desired conclusion of Theorem 1.2. Those G are characterized by the property that the representation category G-SMod has enough projective; see Proposition 3.5. We prove in Theorem 3.7 that an affine algebraic super-group G has an integral if and only if the naturally associated affine algebraic group G ev has an integral. This, combined with Sullivan's Theorem (see Theorem 3.8) which characterizes affine algebraic groups with integral, tells us that the class of affine algebraic super-groups with integral is indeed large in characteristic zero; see Remark 3.9.
We remark here that the integrals of complex affine super-groups were previously studied by Scheunert and Zhang [21] , [22] . It may be said that our results on integrals in characteristic zero merely refine theirs, applying subsequently developed theory. An advantage of ours is an explicit formula of the integral, which is applied to characterize connected affine algebraic super-groups G with two-sided integral; it turns out that G is such if G ev is semisimple. See Remarks 3.12 and 3.15, and Proposition 3.16.
After proving the main result, Theorem 3.17, in Case (II), the core section as well as the paper ends with Section 3.4; we compare there the proved result with subsequent results by Oe and the first named author, and give an example, Example 3.22, as well as a short discussion on significance of that proved result.
Affinity of quotients
2.1. Basics on super-algebras and super-modules. This subsection is supplementary to Section 1.2. Let R be a super-algebra. Recall that it is an algebra object in SMod k . A left (resp. right) module object over R is called a left (resp., right) R-super-module. Since R is assumed to be super-commutative, we need not specify "left" or "right", indeed. To be more precise, given a k-super-module M, the left and the right R-super-module structures on M are in one-to-one correspondence, by twisting the side through the super-symmetry c R,M : R⊗ M ≃ −→ M ⊗R. Let R-SMod denote the (k-linear abelian) category of R-super-modules. It has R ⊕ R [1] as a projective generator, where R [1] denotes the degree shift of R, so that R i+1 = R [1] i , i ∈ Z 2 . Therefore, an R-super-module is projective (in R-SMod) if and only if it is a direct summand of some copies of R or R [1] . Every R-super-module is regarded as a left and right module over the algebra R, with the Z 2 -grading forgotten.
Lemma 2.1. Let M be an R-super-module.
(1) If M is finitely generated as a left or right R-module, then it has a finite set of homogeneous generators.
(2) M is (faithfully) flat as a left or/and right R-module if and only if the tensorproduct functor Proof. "Only if" is obvious. For "if", assume that P is faithful. To prove that the trace ideal T(P) of P coincides with R, we wish to show that the localizations T(P) m and R m at every maximal ideal m of the central subalgebra R 0 ⊂ R coincide.
Since R m is local (indeed, R m /mR m is a field modulo the nil ideal generated by the odd component), P m is a finitely generated free R m -module, which has T(P) m as its trace ideal. It remains to prove P m 0. An element of R annihilates P if and only if it annihilates all elements in an arbitrarily chosen set of homogeneous generators of P; see Lemma 2.1 (1) . Therefore, the faithfulness of P is expressed as an R-super-module injection R → P 1 ⊕· · ·⊕ P r , where 0 < r < ∞, and each P i is a copy of P or of its degree shift P [1] . This implies P m 0.
Suppose that k is a field. Let C be a super-coalgebra, or namely, a coalgebra object in SMod k . A (left or right) C-super-comodule is a C-comodule object.
Lemma 2.3. A left or right C-super-comodule is injective in the category of those super-comodules if and only if it is injective, regarded as an ordinary comodule over the coalgebra C.
Proof. This follows easily by dualizing the proof of Lemma 2.1 (3), above.
Basics on super-functors. Suppose that R → S is a map of super-algebras.
It is said to be an fpqc covering, if S is faithfully flat as a left or equivalently, right R-module; see Lemma 2.1 (2) . The map is said to be an fppf covering, if it is an fpqc covering, and if S is finitely presented as a super-algebra over R; the second assumption means that S is presented so as R[x 1 , · · · , x m ; y 1 , · · · , y n ]/I, where x 1 , . . . , x m are finitely many even variables, y 1 , . . . , y n are finitely many odd variables, and I is a super-ideal which is generated by finitely many homogeneous elements.
Recall that SAlg k denotes the category of super-algebras over k. A k-superfunctor is a set-valued functor defined on the category SAlg k . A k-super-functor X is called an affine super-scheme (over k), if it is representable, and in addition, if the super-algebra which represents X is non-zero; the added assumption is equivalent to that X(R) ∅ for some 0 R ∈ SAlg k . We say that a k-super-functor X is a dur sheaf (resp., sheaf ), if it preserves finite direct products and the exact diagram
which naturally arises from any fpqc (resp., fppf) covering R → S . The dur sheaves and the sheaves form full subcategories in the category of k-super-functors; the latter subcategory includes the former, which in turn includes the category of affine super-schemes.
An affine super-group (over k) is an representable group-valued functor defined on SAlg k ; it is uniquely represented by a Hopf super-algebra. Given an affine superscheme or super-group X, we let O(X) denote the (Hopf) super-algebra which represents X. In this case, X is said to be algebraic (resp., Noetherian), if O(X) is finitely generated as an algebra (resp., if O(X) is Noetherian [16, Section A.1] in the sense that its super-ideals satisfy the ascending chain condition).
2.3.
Actions by affine super-groups. Let X be an affine super-scheme, and let G be an affine super-group. Suppose that G acts on X.
Here and in what follows, Gactions are always supposed to be from the right. Thus we are given a super-algebra map
This is indeed a super-subalgebra of O(X).
Retain the situation as above. Assume that the action is free in the sense that the morphism of k-super-functors given by
is injective; this means that for every super-algebra R, the map X(R) × G(R) → X(R) × X(R) given as above is injective. This is equivalent to saying that the superalgebra map
is surjective. We have the k-super-functor which associates to each super-algebra R, the set X(R)/G(R) of all G(R)-orbits in X(R). The freeness assumption ensures that the map
This makes it possible, as shown in [5, Part I, 5.4] in the non-super situation, to construct in a simple manner, the dur sheaf X/G and the sheaf X/G which both are associated with the k-super-functor above. This dur sheaf (resp., sheaf) is characterized by the exact diagram
in the category of dur sheaves (resp., of sheaves), where the paired arrows represent the action and the projection. (1) The following are equivalent:
(a) The dur sheaf X/G is an affine super-scheme;
is an fpqc covering, and the super-algebra map
is bijective. If these conditions are satisfied, then X/G is represented by O(X) G .
(2) Suppose that X is Noetherian, and G is algebraic. Then the affine superscheme X/G is Noetherian, and coincides with the sheaf X/G.
Suppose that k is a non-zero commutative ring. Let Y denote the affine super-scheme represented by O(X) G . Note that the map β represents the morphism
which is thus given in the same way as in (2.3). We then see that (c) implies (a) (and, moreover, X/G = Y), since (c) ensures that the last morphism is isomorphic,
is an fppf covering, and β is bijective, then
Remark 2.6. In the same situation as in the preceding remark (in particular, over a non-zero commutative ring k), suppose that Condition (c) is satisfied. Then the morphism X → Y is an epimorphism of dur sheaves, and (2.5) is an isomorphism of affine super-schemes. In this case we say that X → Y is a (right) G-torsor; this may be alternatively called an algebraic principal super-bundle with structure super-group G. This is a subject of interest for further study. Some subsequent results by Oe and the first-named author will be presented without proof in Section 3.4, to compare with our main result, Theorem 3.17.
Bosonization technique.
Here we recall from [15, Section 10] the technique, which was used to prove Theorem 2.4 above, and will play a role in the sequel. Suppose that k is a non-zero commutative ring. Present Z 2 as a multiplicative group so as
Given a super-algebra A which may not be super-commutative, let the generator σ of Z 2 act on A so that σ · a = (−1) |a| a, a ∈ A, and let A ⋊ Z 2 denote the resulting algebra of semi-direct (or smash) product. Dually, if A = (A, δ, ǫ) is a super-coalgebra, then the coalgebra A >◭ Z 2 of smash co-product is constructed on the tensor product A ⊗ kZ 2 by the structure maps
Suppose that A is a Hopf super-algebra which may not be super-commutative. The bosonization A >⋖ Z 2 of A is the ordinary Hopf algebra defined on A ⊗ kZ 2 which is A ⋊ Z 2 as an algebra, and is A >◭ Z 2 as a coalgebra. The antipode S is given by
where s is the antipode of A. This S is bijective if s is; this is the case if A is supercommutative, and hence s is an involution. But even under the assumption, S is not necessarily an involution. (A historical remark: the construction was originally done by Radford [19] under the name "bi-product" in the generalized situation where Z 2 , or the group algebra kZ 2 , is replaced by an arbitrary Hopf algebra.) Suppose that we are in the situation of Section 2.3, so that an affine super-group G acts on an affine super-scheme X. We set
The structure map ρ : B → B ⊗ A given in (2.1) gives rise to the algebra map
ofÂ-co-invariants inB coincides with C (= C ⊗ k). This and the following are proved in [15, Proposition 10.3] in the generalized situation noted above.
This lemma will be used to deduce new results in the super situation from known ones on ordinary Hopf algebras, which include some important ones by Schauenburg and Schneider [20] , in particular.
2.6. Quotients by finite super-groups. Suppose that k is a non-zero commutative ring. An affine super-group G is said to be finite if O(G) is finitely generated projective as a k-module. The following theorem, a super-analogue of Grothendieck's Theorem, generalizes Theorem 0.1 of Zubkov [29] , who assumes that k is a field. Our proof using the bosonization technique is different from and simpler than the one in [29] . Proof. Let us use the same notation as in the preceding subsection. By Remark 2.5 it suffices to prove that (i) C ֒→ B is an fppf covering, and (ii) β is bijective. Now, β is surjective (since β is), and the Hopf algebraÂ is finitely generated projective as a k-module. It follows by the Kreimer-Takeuchi Theorem [6] that (iii)B is finitely generated projective, or equivalently, finitely presented flat, as a (left and right) C-module, and (iv)β is bijective. By Lemma 2.7, (iv) ensures (ii).
By Lemma 2.2, C ֒→ B splits C-linearly. This, combined with the flatness of (iii), shows that C ֒→ B is an fpqc covering. The remaining (i) follows from the "only if" part of the following (cf. [ This is proved essentially in the same way as in the non-super situation; see [4, Proof of (B12), p.570], for example. In fact, the now needed "only if" is proved as follows. Assume that B is finitely presented as a C-module. Then we have an exact sequence P → Q → B → 0 of C-super-modules, where P and Q are direct sums of some finitely many copies of C or C [1] . Let C ′ = Z[c pq , d s qr ] denote the Z-supersubalgebra of C generated by all c pq , d s qr (finitely many homogeneous elements), where c pq are the entries of the matrix which presents P → Q with respect to the canonical C-bases, and d s qr are the structure constants, b q b r = s d s qr b s , of B with respect to the images b q of the canonical C-basis elements of Q. Define
Moreover, this B ′ is finitely generated over the Noetherian super-algebra C ′ , and hence is finitely presented. This concludes that B (= B ′ ⊗ C ′ C) is finitely presented as a C-super-algebra.
Integrals for affine super-groups
Throughout in this section we suppose that k is a field, and let G be an affine super-group over k; it will be often assumed to be algebraic. We letk denote the algebraic closure of k, and G¯k denotes the base extension of G tok.
3.1. Preliminary results. We let
denote the Hopf super-algebra which represents G, as before. Following [22] , a left integral for G is defined to be an element φ in the dual algebra A * of the coalgebra A, such that ξ φ = ξ(1) φ, ξ ∈ A * . Such an element is identified with a left (not necessarily Z 2 -graded) A-comodule map φ : A → k, where k is regarded as a trivial A-comodule. A right integral for G is defined analogously. The left integrals and the right integrals are in one-to-one correspondence, through the dual s * of the antipode s of A.
In general, given a coalgebra C, we let
denote the vector space of right C-comodule maps C → k. We now use this notation when C = A,Â.
There is a natural k-linear isomorphism
Proof. We suppose Z 2 = σ | σ 2 = e as in (2.6), and define ω :
This ω is a unique (up to scalar multiplication) right kZ 2 -comodule map; it is necessarily a rightÂ-comodule map since kZ 2 is a Hopf subalgebra ofÂ. We add the remark: by the same reason every rightÂ-comodule map φ :Â → k vanishes on A ⊗ σ inÂ = A ⊗ kZ 2 . Indeed, given a ∈ A, the map kZ 2 → k, x → φ(a ⊗ x) is a right kZ 2 -comodule map, whence it vanishes at σ. (Â, k) . The assignment ψ → φ gives a desired isomorphism. Indeed, one sees by using the remark above that the inverse assigns to each φ, the map A → k, a → φ(a ⊗ e) (= φ(a ⊗ (e + σ))).
Apparently, the proposition holds for any arbitrary Hopf super-algebra that may not be super-commutative, and the result is essentially shown by Scheunert and Zhang [21] by essentially the same method. The proof of ours, which uses the co-tensor product, might be slightly simpler. Proof. This follows by the last proposition combined with the well-known uniqueness for ordinary Hopf algebras [25] due to Sullivan; see also [1, Theorem 5.4.2] .
It follows that a non-zero left or right integral for G is homogeneous. To be more explicit, the homogeneous components φ 0 , φ 1 of a (left or right) integral φ ∈ A * are integrals, whence φ = φ 0 or φ = φ 1 . This means that the A-comodule map φ : A → k vanishes on A 1 or on A 0 ; see [21, Theorem 1], again. Λ n := { I = (i 1 , i 2 , . . . , i r ) | 0 ≤ i 1 < i 2 < · · · < i r ≤ n, 0 ≤ r ≤ n } denote the set of all strictly increasing sequences of positive integers ≤ n. Then this ∧(W) has
as a basis. One sees that the k-linear map
is a non-zero left and right integral for the finite affine super-group represented by ∧(W), which is even (resp., odd) if n (= dim W) is even (resp., odd).
Definition 3.4. We say that G has an integral or G is an affine super-group with integral, if G has a non-zero left or right integral. This is equivalent to saying that A (= O(G)) is (left or/and right) co-Frobenius as a coalgebra; see [1, Section 5.3] .
We say that G is unimodular, if it has a non-zero, left and at the same time right integral.
Left and right A-super-comodules are naturally identified. To be more precise, given a super-vector space V, the left and the right A-super-comodule structures on V are in one-to-one correspondence, by twisting the side through
where s denotes the antipode of A. A left (resp., right) Asuper-comodule is naturally identified with a left (resp., right)Â-comodule. One may understand that a left (resp., right) G-super-module is by definition a right (resp., left) A-super-comodule. We may and do choose left G-super-modules, and denote their category by G-SMod. This is a k-linear abelian, symmetric category with enough injectives. In view of Proposition 3.1 the next proposition follows by applying to ourÂ, the characterization [1, Theorem 3.2.3] for a coalgebra to be co-Frobenius. Remark 3.6. A left or right integral φ for an affine super-group G is said to be total if φ(1) = 1. Such an integral, if it exists, is unique (in the strict sense), and is a left and right integral, as is easily seen; see [21, Proposition 2] . We say that G is linearly reductive, if it has a total integral. This is the case if and only if every object in G-SMod is semisimple if and only if the coalgebra A (or equivalently, A) is cosemisimple [1, p.199 ]. As was shown by Weissauer [27] , those linearly reductive affine super-groups which are not purely even are rather restricted even in characteristic zero.
The ordinary (commutative) algebras, regarded as purely even super-algebras, form a full subcategory, Alg k , of SAlg k . The restricted group-valued functor G| Alg k , which we denote by G ev , is an affine group, which is represented by the largest purely even quotient Hopf super-algebra 
Affine algebraic super-groups with integral.
In this subsection we aim to prove the following theorem, which appeared in [9] (see Proposition 7.5) without proof.
Theorem 3.7. Suppose that G is an affine algebraic super-group; G ev is then an affine algebraic group. The following are equivalent:
(i) G has an integral;
(ii) G ev has an integral.
Proof of (i) ⇒ (ii). The implication follows since the right O(G ev )-comodule O(G) is co-free (i.e., the direct sum of some copies of O(G ev )), as is seen from (3.5).
A proof of (ii) ⇒ (i) will be given in Sections 3.2.1-3.2.2 below. The following Sullivan's Theorem for F applied to G ev tells us precisely when Condition (ii) above is satisfied. Remark 3.9. Suppose char k = 0. One sees from the preceding two theorems that the connected (see below) affine algebraic super-groups with integral are precisely what Serganova [23] proposed to call quasi-reductive super-groups; see also [24] . They form a large class which includes Chevalley super-groups of classical type [3] .
Let G be an affine algebraic super-group, and let A = O(G). Then A includes the largest (purely even) separable subalgebra π 0 A, which is necessarily a Hopf subalgebra. Let π 0 G denote the finite etale affine group represented by π 0 A. Let G • denote the affine algebraic closed super-subgroup of G which is represented by the quotient Hopf super-algebra A/((π 0 A) + ) of A; if G = G ev , this G • coincides with what appeared in Part 2 of Theorem 3.8, as F • for F. We have the short exact sequence G • → G → π 0 G of affine algebraic super-groups. One sees from [16, Section 2.2]
and that the relevant constructions commute with base extension. We say that G is connected if G = G • , or equivalently, if π 0 G is trivial; by (3.6) , this is equivalent to saying that G ev is connected. Lemma 3.11. We have the following.
(1) Every finite affine super-group has an integral.
(2) Suppose that N → G → Q is a short exact sequence of affine super-groups. Then G has an integral if and only if N and Q both have integrals. (2) The proof of [26, Theorem 2.20] in the non-super situation works well.
We are going to prove the remaining implication (ii) ⇒ (i) of Theorem 3.7. By Lemma 3.10 we may and do assume that k is algebraically closed, and G is connected. Let us write A = O(G), H = O(G ev ), as in (3.1), (3.4) .
Remark 3.12. In characteristic zero, the results we are going to prove (assuming as above) are in part, quite similar to those obtained by Scheunert and Zhang [22] . An advantage of ours is an explicit formula (see Remark 3.15) of the integral for G; it will be applied to prove the result, Proposition 3.16, which shows precisely when G is unimodular (Definition 3.4) , and thereby proves that G is unimodular if G ev is semisimple.
3.2.1.
Proof in positive characteristic. Suppose char k = p > 0. In view of Theorem 3.8 (2), we should prove that G has an integral, assuming that (G ev ) red is a torus. Given a positive integer r, the r-iterated Frobenius morphism gives the short exact sequence with finite kernel
Thus O(G (r) ) is spanned by the elements a p r , where a ∈ A. We see from the isomorphism (3.5) that for r large enough, O(G (r) ) is purely even and reduced, and is naturally embedded into H/ √ 0 = O((G ev ) red ). Hence G (r) is a torus, which has an integral. This together with Lemma 3.11 prove the desired result.
Proof in characteristic zero.
Suppose char k = 0. Assume that the connected affine algebraic group G ev has an integral, or equivalently, G ev is linearly reductive; this last is equivalent to saying that G ev is reductive since it is now connected. For the vector space of comodule maps we will use the notation (3.2). Then we have Hom −H (H, k) 0. It suffices to prove the following: Proposition 3.13. We have a k-linear isomorphism
Hom −A (A, k) ≃ Hom −H (H, k).
We are going to prove this, showing explicitly the isomorphism; see Remark 3.15.
Let g = Lie(G) be the Lie super-algebra of G; see [28, Section 3], for example. This g is finite-dimensional. Note that the odd component g 1 of g coincides with the dual vector space W * of the W in (3.5). The even component g 0 of g coincides with the Lie algebra Lie(G ev ) of G ev , which is now reductive.
The universal envelope U(g) is a Hopf super-algebra with all elements in g primitive, which is super-cocommutative, but is not necessarily super-commutative; it includes the universal envelope U(g 0 ) of g 0 as the largest purely even Hopf supersubalgebra. We have the canonical pairing , : U(g) × A → k. This defines on A, the natural left U(g)-module structure u · a := (a) a (1) u, a (2) , u ∈ U(g), a ∈ A.
Here and in what follows, ∆(a) = (a) a (1) ⊗a (2) denotes the co-product on any Hopf (super-)algebra; in addition, see [13, Section 3.2] for sign convention. Similarly, the canonical pairing U(g 0 ) × H → k defines a natural left U(g 0 )-module structure on H. For the algebra R = U(g) or U(g 0 ), we let Hom R− denote the vector space of left R-module maps. Lemma 3.14. We have (3.8) Hom −A (A, k) = Hom U(g)− (A, k) .
Proof. Since G ev is connected, the same argument as proving [8, Proposition 20] , that uses (3.5) essentially, shows that the natural Hopf algebra map from A to the dual Hopf super-algebra of U(g), which arises from the pairing , : U(g)× A → k above, is injective. This implies the desired result.
It is proved by [12, Proposition 4.25 ] that the left U(g)-module map
π(a (1) ) u, a (2) , a ∈ A, u ∈ U(g)
is an isomorphism, where π : A → H = A/(A 1 ) is the natural projection.
Recall from [22, Appendix] the following argument, modifying it so as to work on the opposite side. Let n = dim g 1 , and choose arbitrarily a basis x 1 , x 2 , . . . , x n of g 1 . Let Λ n be as in (3.3) . Then U(g) has (3.9)
as a left U(g 0 )-free basis; we have x ∅ = 1 by convention. Let L = (1, 2, . . . , n) denote the the longest sequence in Λ n . Let ̟ : U(g) → U(g 0 ) be the map which assigns the special coefficient c L to every element I∈Λ n c I x I in U(g), where c I ∈ U(g 0 ). This is apparently left U(g 0 )-linear. Given x ∈ g 0 , let ad ′ x : g 1 → g 1 , (ad ′ x)(y) = [x, y] denote the adjoint action on g 1 . Let α : U(g 0 ) → U(g 0 ) be the algebra automorphism determined by α(x) = x + Tr(ad ′ x)1, x ∈ g 0 . Letᾱ = α −1 denote the inverse of α. Then one sees that
where I ∈ Λ n and c ∈ U(g 0 ). (To see this, one may replace U(g) with the naturally associated graded Hopf super-algebra U(g) gr as given in [7, Section 3] , or in other words, one may suppose [g 1 , g 1 ] = 0.) It follows that ̟ : U(g) → U(g 0 )ᾱ is right U(g 0 )-linear, where U(g 0 )ᾱ indicates the right U(g 0 )-module obtained from U(g 0 ) by twisting the action throughᾱ. The associated pairing
makes U(g) ⊃ U(g 0 ) into a free α-Frobenius extension. This means that given a left U(g 0 )-module M, the left U(g 0 )-module map Take as the M in (3.10), the twisted left U(g 0 )-moduleᾱH. Then the resulting isomorphism composed with η gives an isomorphism
Note that there uniquely exists a right U(g 0 )-free basis y I , I ∈ Λ n , of U(g) which is dual to the basis x I in (3.9) with respect to the pairing ( , ) ̟ in the sense that (x I , y J ) ̟ = δ I,J , the Kronecker delta. Then one sees that the last isomorphism is explicitly given by
(a),I∈Λ n y I ⊗ π(a (1) ) x I , a (2) .
In view of the equation (3.8) and an analogous one, we have
It remains to prove thatᾱH ≃ H or H ≃ α H as right H-comodules. Let δ : U(g 0 ) → k be the algebra map determined by
see [22, (5.2) ]. The assumption k =k ensures that G ev includes a split maximal torus, say, T . Let h ⊂ g 0 be the corresponding Cartan subalgebra. Since the restriction δ| h of δ to h is an element in the character group X(T ) of T , it follows that the one-dimensional U(g 0 )-module structure given by δ arises from an H-comodule structure, whence δ is a grouplike in H (⊂ U(g 0 ) * ); see [5, Part II, 1.20] . Since one sees that α coincides with u → (u) u (1) δ(u (2) ), the left U(g 0 )-module structure on α H arises from the right H-comodule structure
We see that h → h δ gives a desired isomorphism α H ≃ H, since δ is grouplike. This completes the proofs of Proposition 3.13 and of Theorem 3.7.
Remark 3.15. In view of (3.11), we see that the obtained isomorphism assigns to each ψ in Hom −H (H, k), the right A-comodule map
ψ(π(a (1) )δ −1 ) z, a (2) (cf. [22, (4. 2)]), where we set
Suppose that k is a field of characteristic zero which may not be algebraically closed. Note that the definition (3.12) of the algebra map δ : U(g 0 ) → k still makes sense.
Proposition 3.16 (cf. [22, Corollary 5.6] ). Let G be a quasi-reductive super-group (Remark 3.9) over the filed k as above, or namely, a connected affine algebraic super-group over k such that G ev is (linearly) reductive.
(1) G is unimodular if and only if δ is trivial, or explicitly, δ(x) = 0, x ∈ g 0 .
(2) G is unimodular if G ev is semisimple.
Proof. (1) By base extension we may suppose k =k, so that δ is a grouplike in H. Since G ev is linearly reductive, we can choose a left and right integral ψ such that ψ(1) = 1 (Remark 3.6), to which corresponds a non-zero right integral φ for G given by the formula (3.13) .
In general, the uniqueness on integrals gives rise to the so-called distinguished grouplike [1, p.197 ]. In the present situation it is the homogeneous (necessarily, even) grouplike γ ∈ A which satisfies γ φ(a) = (a) a (1) φ(a (2) ), or more explicitly, (3.14) γ z,
a (1) z, ψ(π(a (2) )δ −1 ) a (3) for all a ∈ A; see also [ This, applied to the Hopf super-subalgebra B = kΓ spanned by all even grouplikes Γ, tells us that we have only to prove π(γ) = δ, since the induced injection is then π| kΓ : (B/(B 1 ) =) kΓ → H. Apply π to both sides of (3.14) . Then the desired equality follows by using (a) π(a (1) ) ψ(π(a (2) )δ −1 ) = δ ψ(π(a)δ −1 ).
(2) If G ev (or g 0 ) is semisimple, or equivalently, if g 0 = [g 0 , g 0 ], then δ is necessarily trivial. Therefore, G is unimodular by Part 1.
Quotients by affine algebraic super-groups with integral.
Return to the situation where k is an arbitrary field. We now come to prove the following main result of ours. Proof. Let us apply the argument of Section 2.5, using the same notation. It suffices to prove (1)β :B ⊗ CB →B ⊗Â is bijective, and (2) B is a projective generator of C-modules. Note thatβ is surjective, andÂ is co-Frobenius by Proposition 3.1. Corollary 3.3 of [20] (in Case (4) applied when H = Q) ensures (1) and thatB is projective as a left C-module. Since the latter implies that B is projective as a C-module, it remains to show that it is a generator. We are going to use:
(3) We have the isomorphism A ≃ ∧(W) ⊗ H as in (3.5) , in which W and so ∧(W) are now finite-dimensional;
A co-acts) on the right tensor-factors in B ⊗ C B and in B ⊗ A. Suppose char k = 0. By Theorems 3.7 and 3.8, G ev is linearly reductive. Note that the restricted action by G ev on X is free. Let D = B G ev be the super-subalgebra of G ev -invariants in B, which apparently includes C. By [20, Theorem 4.10] applied to the right comodule algebraB over the cosemisimple Hopf algebra H ⊗ kZ 2 , we see thatB and so B are (projective) generators of left (and right) D-modules. Hence D is a projective C-module. It remains to prove that D is a generator of C-modules. We aim to prove that D is finitely generated as a C-module; this will imply the desired result by Lemma 2.2.
Consider invariants by the restricted G ev -action. One sees from (3) 
Hence the projective left C-module D is finitely generated after the base extension to B. The result we aim at follows by Lemma 3.18 below.
Suppose char k > 0, and let F = G ev . By base extension we may suppose k =k. Then we have the split short exact sequence F • → F → π 0 F of affine algebraic groups. By Theorems 3.7 and 3.8, T := F • red is a torus. Since T is smooth, it follows by [11, Proposition 1.10] that the closed embedding T ֒→ F • of right T -equivariant affine schemes splits. We have, therefore, an isomorphism
the former is separable while the latter is local. Since T is linearly reductive, we can modify the proof in characteristic zero, replacing G ev with T , to obtain the result we aim at.
Lemma 3.18. Let C ⊂ B be an inclusion of non-commutative rings. A projective left C-module P is finitely generated if B ⊗ C P is a finitely generated left B-module.
Proof. By the projectivity P is included as a direct summand in a free left C-
It suffices to prove that there exists a finite subset I 0 ⊂ I such that P is included in i∈I 0 C i , since the last direct sum then projects onto P. By the assumption there exists a finite subset I 0 ⊂ I such that
Remarks and an example. We remark that a forthcoming paper by Oe and the first named author discusses free actions by an affine algebraic super-groups on super-schemes, which will contains the following result in the affinity situation. 
Let us be in the situation of the theorem above, to re-formulate the conclusions (i) and (ii) in the Hopf-algebra language. Suppose O(G) = A, O(G ev ) = H and O(X) = B, as before. The affine super-scheme X ev associated with X is defined in the same way as the G ev in Section 3.1, so that we have O(X ev ) = B/(B 1 ). We now have O(G/H) = B G , and this is proved to be a Noetherian smooth super-algebra. Let C = B G , as before, and defineB := B/(B 1 ),C := C/(C 1 ). Then the conclusion (i) meansC =B G ev . By the Noetherian smoothness of C, the canonical projection C →C splits. Moreover, if one chooses arbitrarily a sectionC → C, and regards C as a super-algebra overC through the section, then C is isomorphic to the exterior algebra ∧C(P), where P is a finitely projectiveC-module; see [16, Theorem A.2] . The conclusion (ii) is re-formulated as an isomorphism Remark 3.20. To compare the theorem above with our Theorem 3.17, suppose that k is a field k of characteristic 2, and let G be an affine algebraic super-group.
Recall that if char k = 0, then G is necessarily smooth; see [16, Proposition A.3] .
Assume that G has an integral, and it acts freely on an affine super-scheme X. The theorem above shows that the dur sheaf X/G is an affine super-scheme, under the assumptions: (1 • ) X is Noetherian and smooth, and (2 • ) if char k > 2, then G is smooth, in addition. This is because the assumption (b) of the theorem is then satisfied; in characteristic zero, the assumption is ensured by Theorem 1.1 in Case (ii), since G ev is linearly reductive by Sullivan's Theorem 3.8 (1) . We remark that in positive characteristic, the assumption (2 • ) is satisfied if and only if G • ev is a torus, as is seen from Sullivan's Theorem 3.8 (2) . In this case it was probably known that the assumption (b) is satisfied; at least now, this (b) is ensured by our Theorem 3.17 applied in the non-super situation. Important is the fact that this Theorem 3.17 ensures the conclusion that X/G is an affine super-scheme without the assumptions (1 • ), (2 • ).
Recall from (3.15) (ii) or (3.16 ) that under the assumptions (1 • ), (2 • ), X is of a restricted form. Therefore, one may conclude that our Theorem 3.17 is rather of theoretical importance; it is expected to bring some applications to subjects related to torsors, such as super-differential Galois Theory.
The forthcoming paper contains the following result, as well, which is indeed used to prove Theorem 3.19.
Theorem 3.21 ([10] ). Suppose that k is as in the theorem just cited, and let G be a smooth affine algebraic super-group. Given a Noetherian smooth affine superscheme Y, every G-torsor X → Y (Remark 2.6) arises from a purely even G evtorsor E → Y ev , so that
Here is a simple example which shows that for this result, the smoothness assumption is indeed needed in char k > 2.
Example 3.22. Suppose p = char k > 0, choose an integer r > 0 and let q = p r . Let G = α q be the affine group of elements whose q-th powers are zero; it is represented by the Hopf algebra A = k[T ]/(T q ) in which T is primitive. Apparently, this G is not smooth, while it, being finite, has an integral. Choose arbitrarily a superalgebra C 0 and an even element τ ∈ C, |τ| = 0. Let Y denote the affine super-scheme represented by C. Define a super-algebra over C by B τ := C[T ]/(T q − τ), and let X τ denote the affine super-scheme represented by this B τ . We can make B τ into a right A-super-comodule algebra by
so that the associated action by G on X τ is free, and X τ/ G = Y, or in other words, X τ → Y is a G-torsor. Assume C/(C 1 ) = k, and choose so as τ k; the assumption is satisfied with Y being Noetherian and smooth, and one can choose τ as required, if C is the exterior algebra ∧(W) on a non-zero finite-dimensional vector space W, for example. Then X τ is not of the form (3.17) , as is easily seen.
